is article is concerned with a class of singular nonlinear fractional boundary value problems with p-Laplacian operator, which contains Riemann-Liouville fractional derivative and Caputo fractional derivative. e boundary conditions are made up of two kinds of Riemann-Stieltjes integral boundary conditions and nonlocal in nite-point boundary conditions, and di erent fractional orders are involved in the boundary conditions and the nonlinear term, respectively. Based on the method of reducing the order of fractional derivative, some properties of the corresponding Green's function, and the xed point theorem of mixed monotone operator, an interesting result on the iterative sequence of the uniqueness of positive solutions is obtained under the assumption that the nonlinear term may be singular in regard to both the time variable and space variables. And we obtain the dependence of solution upon parameter. Furthermore, two numerical examples are presented to illustrate the application of our main results.
Introduction
In the past decades, fractional di erential equations arise in many mathematical disciplines as the analogue modeling of systems and processes in many scienti c elds, such as control theory and engineering. In fact, fractional-order models have proved to be valuable tools in modeling many physical phenomena (for details, see [1] [2] [3] and the references therein). Accordingly, there has been a substantial development in the research for fractional di erential equations, the properties of solutions, especially. We refer the readers to the papers . For instance, in [15] , Xu and Wei investigated the positive solutions of the following fractional di erential equations:
where D α 0+ is the Riemann-Liouville's fractional derivative, 2 < α ≤ 3, and f ∈ C([0, 1] × R 3 + , R + ) (R + [0, +∞)). e existence of positive solutions is obtained by the Krasnoselskii-Zabreiko xed point theorem. And by using the method of lower and upper solutions, the authors discussed the uniqueness of positive solution of this problem.
On the other hand, the fractional di erential equations with the p-Laplacian operator can describe various phenomena, such as the ow of some speci c uid. Hence, the study of fractional di erential equations with the p-Laplacian operator is gaining much signi cance and attention (see [16, 18-21, 37-39, 48-50] ). For example, in [48] , in order to research the mechanics phenomenon of turbulent ow in a porous medium, the author introduced the following type equation:
where ϕ p (p > 1) is the p-Laplacian operator, i.e., ϕ p (s) |s| p− 2 s(p > 1). In the past thirty years, many papers discussed equation (2) with different boundary value conditions and then drew related conclusion in practice. We refer the reader to [49, 50] and the references cited therein. Recently, Liu et al. in [16] investigated the existence of positive solution of the following fractional differential equations with p-Laplacian operator:
where c D α 0+ denotes the Caputo fractional derivative; D β 0+ denotes the Riemann-Liouville's fractional derivative; ϕ p is the p-Laplacian operator, i.e., ϕ p (s) � |s| p− 2 s(p > 1),
, λ k ≥ 0(k � 1, 2, 3); h 1 , h 2 : (0, 1) ⟶ R + � [0, +∞) are continuous with h 1 , h 2 ∈ L 1 (0, 1); 1 0 h 1 (s)v(s) dA 1 (s), 1 0 h 2 (s)v(s)dA 2 (s) denote the Riemann-Stieltjes integral, in which A 1 , A 2 : [0, 1] ⟶ R are functions of bounded variation; and f : (0, 1) × (0, +∞) n− 1 ⟶ R + is continuous. Furthermore, we also consider the following equation with a parameter:
with the boundary conditions (5) , where λ > 0 is a parameter. In fact, we regard the problem (6)-(5) as a new problem for modeling the problem (4)-(5) involving a parameter. In this paper, a nonnegative function v ∈ C[0, 1] is called a positive solution of boundary value problem (4)-(5) (resp. (6)- (5) ) if it satisfies the problem (4)-(5) (resp. (6)- (5) ) for t ∈ [0, 1] and v(t) > 0 for t ∈ (0, 1]. In this paper, we make the following hypothesis:
(V 1 ) f : (0, 1) × (0, +∞) n− 1 ⟶ R + is continuous and satisfies f t, u 1 , . . . , u n− 1 � F t, u 1 , . . . , u n− 1 , u 1 , . . . , u n− 1 + G t, u 1 , . . . , u n− 1 , u 1 , . . . , u n− 1 ,
for all (t, u 1 , . . . , u n− 1 ) ∈ (0, 1) × (0, +∞) n− 1 , where F, G : (0, 1) × (0, +∞) 2(n− 1) ⟶ R + are continuous.
(V 2 ) For any t ∈ (0, 1), (v 1 , . . . , v n− 1 ) ∈ (0, +∞) n− 1 , F(t, u 1 , . . . , u n− 1 , v 1 , . . . , v n− 1 ), and G(t, u 1 , . . . , u n− 1 , v 1 , . . . , v n− 1 ) are nondecreasing in (u 1 , . . . , u n− 1 ) ∈ (0, +∞) n− 1 , and for any t ∈ (0, 1), (u 1 , . . . , u n− 1 ) ∈ (0,
(V 4 ) ere exists 9 > 0 such that for any t ∈ (0, 1), (u 1 , . . . , u n− 1 ) and (v 1 , . . . , v n− 1 ) ∈ (0, +∞) n− 1 :
Complexity
Our main results are as follows.
Theorem 1. Suppose that (V 1 ) − (V 5 ) hold, then the problem (4)- (5) has a unique solution v * ∈ P, and there exists δ ∈ (0, 1) such that
And for any initial values v 0 , v 0 ∈ P h , by structuring the following sequences:
we have
Theorem 2. Suppose that (V 1 ) − (V 5 ) hold, then for any λ > 0, the problem (6)- (5) have a unique solution v * λ ∈ P, and there exists δ λ ∈ (0, 1) such that
And moreover,
then v * λ is continuous with respect to λ ∈ (0, +∞). at is, for any λ 0 ∈ (0, +∞),
then
e key argument of the problem (4)- (5) and (6)- (5) is the iterative positive solution by applying the method of reducing the order of fractional derivative and the fixed point theory of mixed monotone operator. e method of reducing the order of fractional derivative is based on certain semigroup properties of the Riemann-Liouville's fractional integral and derivative. We refer the reader to [3, 24, 25, 34, 36, 46] . In this paper, different orders of Riemann-Liouville's fractional derivative are involved in the nonlinearity f, which is solved in a more complex space, in most cases. By using the method of reduction, we transform the problem (4)-(5) (resp. (6)-(5)) into an equivalent and low-order problem, in which the nonlinearity f contains no fractional derivative. erefore, the work could proceed in the space C[0, 1], which is more interesting and meaningful. On the other hand, by using the properties of relevant Green's function and cone, the theory of mixed monotone operator could be applied on the research of fractional boundary value problems. We suggest that one refers to [13, 17, 24, 31, 32, 34, 47] . In this paper, by structuring a suitable mixed monotone operator, the problem (4)-(5) (resp. (6)-(5)), which contains the p-Laplacian operator, is solved. In [15, 16] , the positive solutions are obtained under the assumption that the nonlinear term f is continuous. But, we obtain the uniqueness of positive solution with the assumption that the nonlinear term may be singular in regard to both the time variable and space variables. Compared with [15] , our equation contains p-Laplacian operator, which is more general. Compared with [16] , our boundary conditions are of general significance, which would be used to describe more phenomena in practice. e paper is organized as follows. In Section 2, we present some relevant definitions and lemmas. And we transform the problem (4)-(5) (resp. (6)-(5)) into an equivalent and low-order problem (28)-(29) (resp. (44)- (29) ) and obtain some properties of the corresponding Green's function. In Section 3, we give the proof of our main results, as one researches the uniqueness of iterative positive solutions for the problem (4)- (5) and the other one analyses the dependence of solution upon parameter for the problem (6)- (5) . In Section 4, we give two examples to illustrate our theoretical results. In Section 5, we give a conclusion of our main results.
Preliminaries and Lemmas
e Riemann-Liouville fractional integral of order α of a function v : (0, ∞) ⟶ R is given by
provided that the right-hand side is pointwise defined on (0, ∞).
Definition 2.
Let α > 0. e Riemann-Liouville fractional derivative of order α of a continuous function v : (0, ∞) ⟶ R is given by
where n � [α] + 1, [α] denotes the integer part of the number α, provided that the right-hand side is pointwise defined on (0, ∞). In particular, if α � n ∈ N + , then
Definition 3. Let α > 0. e Caputo fractional derivative of order α of a continuous function v : (0, ∞) ⟶ R is given by
Lemma 1 (see [7] ). Let α > 0. If we assume v ∈ C(0, 1) ∩ L 1 (0, 1), then the equation
has
as the unique solution, where n is the smallest integer greater than or equal to α.
Lemma 2 (see [7] ). Let v ∈ C(0, 1) ∩ L 1 (0, 1) and D α 0 + v ∈ C(0, 1) ∩ L 1 (0, 1). en,
where n is the smallest integer greater than or equal to α.
Lemma 3 (see [4] ). Let v ∈ AC n [0, 1]. en,
where n � [α] + 1 for α ∉ N + and n � α for α ∈ N + .
Lemma 4 (see [4] ).
(1) If u ∈ L 1 (0, 1), α ≥ β > 0, then
Let u � D β n− 2 0 + v, then the problem (4)-(5) could be transformed to the following fractional differential equation:
with the boundary conditions (29) . And in turn, if the problem (28)- (29) have a solution u ∈ C[0, 1], then v � I β n− 2 0 + u is a solution of the problem (4)- (5) .
where v ∈ C[0, 1] is a solution of the problem (4)-(5). By using Lemma 2, we have
where
Furthermore, we obtain
which combines with the boundary condition D
In a similar manner, we obtain c n− 4 � · · · � c 1 � 0 based on the boundary condition D
Applying the operator D β 0 + to both sides of this equality, we have
Complexity 5
Similarly, we know
In addition, by means of Lemma 4, we can obtain
According to (30) , (34) , (36) , and (38), we have
It follows from (35)
On the basis of (39)-(43), we know u � D β n− 2 0 + v is a solution of the problem (28)- (29) .
On the other hand, if the problem (28)-(29) has a solution u ∈ C[0, 1], then v � I β n− 2 0 + u is a solution of the problem (4)- (5) . Since the proof is similar to Lemma 3 in [44] , we omit it here. □ Remark 5. According to Lemma 5, we conclude that the work on considering the solution of the problem (4)-(5) is equivalent to the search for the solution of (28)- (29) . Similarly, we can prove the work on the problem (6)-(5) is equivalent to the following equation:
with the boundary conditions (29) .
. en, the fractional differential equation
has a unique solution
in which 6 Complexity
Proof. We may apply Lemma 2 to reduce equation (45) to an equivalent integral equation:
Applying the operator D r i − β n− 2 0+
(i � 0, 1, 2, 3) to both sides of (51), we have
Hence, according to (52) and the boundary condition
we can obtain
e proof is complete.
□ 8 Complexity
Lemma 7. Let x ∈ C(0, 1) ∩ L 1 (0, 1) be a given function. en, the following equation
with the boundary conditions
where ϕ q � ϕ − 1 p , J(t, s) is defined in Lemma 6, and
. en, we can strip down the problem (57)-(58) to the following two problems:
Obviously, the problem (61) can be written as
On the other hand, by Lemma 6, we know the problem (62) has a unique solution:
erefore, the problem (57)-(58) has a unique solution:
< +∞. en, the following properties hold:
(67)
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For 0 ≤ t ≤ s ≤ 1,
(2) Similarly as (1), we can obtain that
(3) In view of the conclusions of (1) and (2), we have
□
Let (E, ‖ · ‖) be a Banach space, P be a cone in E, and θ be the zero element of E. P is said to be normal if there exists a constant N > 0 such that
(74) e smallest constant, which satisfies the above inequality, is called the normality constant of P. en, E is a partially ordered Banach space by P; that is to say,
For u, v ∈ E, the notation u ∼ v shows that there exist λ > 0 and μ > 0 such that λu ≤ v ≤ μu. Clearly, ∼ is an
For more details, we suggest readers to refer [10, 11, 13] .
Definition 4 (see [11] ). Let E be a Banach space and D ⊂ E. e operator T :
(76) Lemma 9 (see [13, 17] ). Let P be a normal cone in the Banach space E and T, S : P h × P h ⟶ P h be mixed monotone operators which satisfy the following:
(1) For any l ∈ (0, 1), there exists φ(l) ∈ (l, 1] such that
(2) or any l ∈ (0, 1), u, v ∈ P h ,
(3) ere exists a constant 9 > 0 such that for any
en, the equation T(u, u) + S(u, u) � u has a unique fixed point u * ∈ P h . And for any initial values u 0 , v 0 ∈ P h , by structuring the following sequences:
we have ||u n − u * || ⟶ 0 and ||v n − u * || ⟶ 0 in E, as n ⟶ ∞.
Lemma 10 (see [13, 17] ). Assume T and S satisfy all the conditions of Lemma 9. en, for any λ > 0, the equation 10 Complexity λT(u, u) + λS(u, u) � u has a unique solution u * λ ∈ P h , which satisfies the following:
then u * λ is continuous with respect to λ ∈ (0, +∞). at is, for any λ 0 ∈ (0, +∞),
In this paper, we denote
} be a cone in E. It is easy to check that P is normal in E with the normality constant N � 1. Lemma 8) . en, P h is a component of P. Let us define three operators T : P h ⟶ P and T 1 , T 2 : P h × P h ⟶ P as follows:
Proof of Main Results

In this section, let
It is easy to check that u ∈ C[0, 1] is a positive solution of the problem (28)- (29) if it is a fixed point of T in P h .
Proof of eorem 1. Obviously, by (V 1 ), Tu � T 1 (u, u) + T 2 (u, u). And it is easy to check that u ∈ C[0, 1] is a solution of the problem (28)- (29) 
e first work is to prove T 1 , T 2 : P h × P h ⟶ P are well defined. For any u, v ∈ P h , there exists a constant μ ∈ (0, 1) such that
(86)
On the other hand, it is easy to check that
Complexity 11 en, 0 < r ≤ 1. According to (V 1 )-(V 3 ) and (87)-(89), we have
Similarly, we have
On the basis of (90), (92), and (V 5 ), we know that for any t ∈ [0, 1], τ, 1, . . . , 1, τ β− 1 , . . . ,τ β− 1 dτ ds < +∞.
(95)
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Complexity at is, T 1 , T 2 : P h × P h ⟶ P are well defined. On the other hand, by means of (V 2 ), for any (u 1 , v 1 ), (u 2 , v 2 ) satisfying u 1 ≤ u 2 and v 1 ≥ v 2 , we have
(97)
Hence, T 1 , T 2 : P h × P h ⟶ P are mixed monotone operators.
In the following, we prove that T 1 , T 2 : P h × P h ⟶ P h . It follows from (91) and (93) that for any u, v ∈ P h and t ∈ [0, 1],
where M is a constant, which satisfies
According to (94) and (95), we have
(102)
On the basis of (98), (99), (101), and (102) we infer that T 1 , T 2 : P h × P h ⟶ P h .
Moreover, it follows from (V 3 ), for any l ∈ (0, 1) and u, v ∈ P h and t ∈ [0, 1], we have 
14
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(104)
From (V 4 ), for any u, v ∈ P h and t ∈ [0, 1], we can obtain
So, based on (103)-(105) and Lemma 9, we know the equation T 1 (u, u) + T 2 (u, u) � u has a unique fixed point u * ∈ P h , which means u * is the unique positive solution of the problem (28)- (29) , and there exists δ ∈ (0, 1) such that
(106)
And for any initial values u 0 , u 0 ∈ P h , we can construct the following sequences:
such that 
as n ⟶ ∞.
(108)
Finally, on the basis of Lemma 5, we know v * � I β n− 2 u * is the unique positive solution of problem (4)- (5) . By (106), we have
Let v n � I β n− 2 0 + u n and v n � I β n− 2 0 + u n ; by using the monotonicity and continuity of fractional integral, we have sup
(110) □ Proof of eorem 2. For any λ > 0, let us define three operators
Considering the results of eorem 1 and Lemma 10 together, we know the following equation
has a unique solution u * λ ∈ P h , which implies u * λ is the unique positive solution of the problem (44)- (29) , and there exists δ λ ∈ (0, 1) such that
We infer that the properties of Green's function in Lemma 8 are achieved. Let
It is easy to check the following conditions: 
Complexity us, the assumptions of eorem 1 are satisfied. By calculation, we obtain the approximate solution of the problem (124)-(125) is v * (t) ≈ 34.315t 1.9 . On the other hand, let u 0 (t) � t and u 0 � 10t. We take v 0 (t) � I β 1 u 0 (t) and v 0 � I β 1 u 0 (t). By iterating the sequences, the numerical results of the iterative process are shown as follows (Figure 1 and Tables 1 and 2 
0+ v(s)dA 2 (s)
where ϕ 3/2 (s) � |s| − (1/2) s and 18 Complexity ρ i � 1/i(i + 1), η i � 1, (i � 1, 2, . . .), η � 1, λ 1 � (1/100)Γ(3/2), λ 2 � 1/100, λ 3 � 1/100, h 1 (t) � t − (1/2) , and h 2 (t) � t − 1 . en, the problems (133)-(134) can be expressed as the problems (6)- (5) . Notice that
(137)
We infer that the properties of Green's function in Lemma 8 are achieved. Let 
It is easy to check the conditions (V 1 )-(V 5 ) are all satisfied with φ(l) � l 1/3 and 9 � 1. On the other hand, let c � (4/9) < (1/2). en, (1) φ(l) � l 1/3 ≥ (1/9)(l c − l) + l c � (6/5)l 4/9 − (29/40)l, ∀ l ∈ (0, 1) (2) φ(l) � l 1/3 ≥(1/9)(l 1/2 − l) + l 1/2 �(6/5)l 1/2 − (29/40)l, ∀ l ∈ (0, 1)
So, the assumptions of eorem 2 are satisfied. In the following, we give the graphical simulations and table of the solution v * λ with respect to λ � 0.5, 1, 1.5, 2, 3, 10, respectively ( Figure 2 and Table 3 ).
□
Based on the graphical simulations and table, we obtain the following conclusions:
(1) v * λ is continuous with respect to λ ∈ (0, +∞). at is, for any λ 0 ∈ (0, +∞), 
Conclusion
In this paper, we introduce the fixed point theorem of mixed monotone operator for finding the uniqueness of positive solution of a class of fractional boundary value problems, which is a generalized form of turbulent flow problem in a porous medium. Two theoretical numerical examples are given to illustrate eorems 1 and 2; the results then bring us a step closer to research the characters of solutions. Furthermore, as the application of mixed monotone operator operator, further research and discussion are required in practice.
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